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Using NNLS in multilinear PET problems

This document reviews the nonnegative least square (NNLS) optimisation problem and
the usage of the NNLS algorithm [Lawson & Hanson 1974] in multilinear problems.
NNLS algorithm is programmed in C language and it can be found from the library
libpet. Verifications of the accuracy of the algorithm are presented in Appendix A.

Problem NNLS

By nonnegative least square problem we mean a linear programming problem that can
be expressed in the following way

min”Ex—f,xZO.

Thus this is a least square problem, where the only constraints are the nonnegativity
conditions. In linearized PET-models we can usually constrain the macroparameters to
be nonnegative and thus end up with an NNLS problem.

The NNLS algorithm

Basic idea

The basic idea of NNLS algorithm is based on duality rules of linear programming
[Lawson & Hanson 1974]. If the least square solution vector x satisfies

x, >0 jeP,
x, =0 jeZ and
Ex=f

then the dual vector w= E' (f — Ex) satisfies conditions

w =0 jeP,
w <0 jeZ and
w=E"(f - Ex).

The NNLS algorithm tries to find a vector y that satisfies the dual conditions. The dual
problem has a solution if and only if the original problem has a solution. At first the
dual vector is computed based on solution x=0. Based on vector w, we decide which
parameter value we start to improve. The flow chart of the algorithm is presented
below. Variables indexed in the set P are free to take values different from zero and
variables indexed in set Z are held at the value zero.
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Figure 1. Flow chart of NNLS.

Input/Output of the algorithm

The parameters NNLS algorithm needs are:

Algorithm generates an m X m orthogonal matrix Q, that satisfies the condition QE=R,
where R is nXn upper triangular matrix. At the end of the algorithm, array a/n/[m/]
contains the product matrix QF, and array b/m] contains vector Of . Norm of the

XN R W=

The mxn matrix E in the array a/n][m]
Value of m

Vector f in m-array b/m]

Empty array x/n/ for the solution
Empty variable rnorm for the Euclidean norm of the residual vector
An n-array of working space wp/n] for the dual solution y
An m-array of working space zzp/m/
An n-array of working space indexp/[n]




residual vector is saved in variable rnorm. The solution of the least square problem is
in vector x, and the dual solution in vector wp.

Multilinear problems

In PET-modelling the problems are usually nonlinear. However, we have the means to
transform a nonlinear problem into a linear one [G. Blomquist 1984].
Let’s consider the five-parameter FDG model [W. Cai et al. 2002]

LC0=KC0 - +E)C O+ K0

%c:, ()= k:C(O)—kC. (1)

where the total concentration in tissue is given by C (f)=C (1)+C (t). By
introducing the macroparameters

P=CBV, P =(k +k +k —k)-CBV +k
P =—(k, +k; +k;), P.=—(kk;) (1)

4

P =(kik; — kK —k;K)-CBV + k(K + )

after several operation [W. Cai et al. 2002] a linearized form of the FDG model can be
obtained.

C (t)=PC.(1)+P, ]c; (1)d7+P, Hc; (s)dsdT + P, jc (1)dr+P, ”C (s)dsdt

When f=[C'(z)),C (t,),...C'(t,)] and x=[P,P,,..,P.]', we end up with a least

square problem min"Ex— f

,x2>0. The coefficient matrix is constructed so that it

contains the values of the coefficient at each time point as columns. Thus in this case
C(t) [Cdr [[C(s)dsdr [C(ndr [ [C(s)dsdz

go|C@) ']c; (1)dz ’]-]‘C;(s)dsdr ’]'C,_‘(T)dr t]']'Cf(s)dsdT _

C(t.) ijc; (1)dz Z]‘]‘C;(s)dsdr ’].Cf(r)dr ’mj]ci(s)dsdr

When the macroparameters P,...,P. are constrained to be nonnegative, this linear
optimisation problem can be given for the NNLS algorithm. Coefficient matrix £ is
given in array a/n/[/m] and vector f is given in array b/m/. Number of the
macroparameters is given as the value of » and the number of timepoints as the value



of m. When the algorithm has finished, values of the macroparameters can be read
from the array x/n/ and values of the microparameters k ,k,,k, and k, can then be
calculated based on equations (1).
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